CALCULATING THE EFFECTIVE DIFFUSION COEFFICIENTS
IN A LAMINAR DISSOCIATED MULTICOMPONENT
BOUNDARY LAYER

PMM Vol, 33, No. 1, 1969, pp. 180-192
G. A, TIRSKII
(Moscow)
(Received March 6, 1968)

We derive expressions for the effective diffusion coefficients D, (i = §, . ., N) defined
in (12} in terms of the ratios of the mass diffusion fluxes for an arbitrary N-compon-
ent mixture in a boundary layer, Sufficient conditions for the identity of the concent-
rations, diffusion fluxes, and generalized Schmidt numbers S; = b/ (PDy) across the
"frozen” boundary layer are obtained, Using a generalization of the analogy between
mass transfer coefficients based on the analytical and numerical solutions of the diffu-
sion equations in the "frozen" boundary layer, we reduce the determination of the co-
efficients D; for an arbiwary N-component medium at the wall to the solution of al-
gebraic equations with and without blow-in, We solve this system approximately and
obtain explicit expressions for Dyw for typical mixtures which ?%ear in the boundar
layer (at the surface) of thermoplastics based on phenol-formaldehyde resin, which de-
compose in a dissociated air stream in planetary atmospheres. Using the asymptotic
form of solution of the boundary layer equations at the outer edge of the layer, we de-
rive exact analytic formulas for the effective diffusion coefficients D;q in an arbitra-
1y N-component system. The behavior of the corresponding generalized Schmidt num-~
bers §; is described qualitatively and their approximate (exact at the boundaries) val-
ues across the boundary layer are given, These results simplify appreciably the numeri-
cal and analytical solution of the equations for an arbitrary multicomponent dissociated
boundary layer at the surface of a heat-insulating coatin§ which disintegrates under the
action of heat {3]. This in turn enables us to automatically extend various solutions, in
particular the correlation formulas for the heat and mass wansfer coefficients obtained
in the "binary"” boundary layer approximation, to a multicomponent layer, We can
accomplish this simply g introducing the appropriate effective diffusion coefficients
into these solutions [4}. Diffusion in specific multicomponent mixtures is also dealt
with in an approximate manner in 5],

1. In the thin asymptotic boundary layer approximation the normal components of
the mass diffusion fluxes J; = p; (v; — ) = p;V; in @ multicomponent gas mixture
flowing past a surface are related to the gradients of the molar (numerical) concentrat=-

ions z; by the Stefan-Maxwell equations (] (we neglect thermal diffusion which is a
second-order effect [?); the barodiffusion effect and the influence of the viscous im-

pulse transfer [®] are negligible by virtue of the boundary-layer-theory approximation)
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Here D, are the binary diffusion coefficients, p; density, »; the number of moles
(particles) of the {-th component per unit volume, n the total number of moles per
unit volume, p; the mean statistical velocity of the i-th component, v the mean
mass flow rate of the mixture, V; the rate of diffusion of the i-th component, ¢; mass
concentration, m; the molecular weight of the {-th component, m the molecular
weight of the mixture, and y the coordinate normal to the surface. Relations (11)
are preferable to

N
Ji =13 pr 9z i=1, ..., N) 1.3
i p % i3 3y‘ ( (t.3)

for the diffusion fluxes (*] obtained from (1.1) by solving them for J; . This is beca-
use (1.1) contain only the binary diffusion coefficients which are available from liter-

ature {?] for many component pairs, while (1, 3) contain the multicomponent diffusion
coefficients p,. which are defined as the ratios of complicated N-th order determi-

nants and depend on the composition of the mixture and on 1/y N (N —1) binary diffu-
sion coefficients Dj; . Moreover, substitution of (1.3) into the diffusion equations

yields a system of equations for the concentrations which have not solved in the case
of higher-order derivatives. This leads to great difficulties in obtaining the actual sol-

utions even for the simplest problems of diffusion in stationary media [}, Using (1.2)
to convert from 8z; /[ dy t0 d¢; { y in(1.1),we obtain
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Equation (1.4) implies that in the case of multicomponent mixtures with unequal bi-
nary diffusion coefficients, the diffusive flux J; of the i-th component cannot, in ge-
neral, be expressed in terms of the gradient of concentration alone. Some particular
cases where the flux J; can be expressed in terms of the concentration ¢; only are
dealt with in {*},

Our purpose in the present paper is to introduce a definition of the effective diffusion
coefficients based on exact expression (1.4), and to compute these coefficients across
the frozen boundary layer (when all reactions take place on the surface) for an arbitra-

ry N-component mixture,
Relations (1, 4) can be written formally in the form of Fick's laws,

3
h=mn=—pm7$a=u”uﬂ) (1.5)

where the effective diffusion coefficients Dy introduced in this manner can be obtained
from the following N — 1 independent relations

N ‘N
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These expressions indicate that in the general case of arbitrary diffusion properties
of the components the effective diffusion coefficients can onl found from a known
solution of a given problem; they therefore depend on the defining parameters of each
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specific problem, However, we shall see later that in the boundary layer the coeffi-
cients D; depend only on the limiting concentrations at the wall and at the outer edge
of the boundary layer, and on the binary diffusion coefficients, and that they are prac-
tically independent of the blow-in intensity and of other defining parameters of the

roblem, In other words, as far as their properties are concerned, the effective diffu-
sion coefficients D; behave just like binary diffusion coefficients with boundary values
of the concentrations. (The corrections are necessitated by the cross~influence of the
diffusion of other components, )

2. First let us consider the behavior of the effective diffusion coefficients for certain
gas mixtures. Although obtained for particular mixtures, our findings will also hold for
multicomponent boundary layers at the surfaces of thermally disintegrating thermoplas-
tics. The binary diffusion coefficients are usually nearly equal [} for components with
close (equal) molecular weights, We call the componens M and M’ “"components
with similar (equal) diffusive properties” if (*)

m (M) = m (M) (m (M) = m M) (2.1)
D (M, i) =D (M's) (DM, ) =D M, 5))

Theorem 2,1. If a group of components with equal diffusion properties can be
isolated in a gas mixture, then the effective diffusion coefficients (1,6) for all the com-
ponents are not explicitly dependent on the diffusion fluxes of the components belong-
m% to this group,

or a one-component group this theorem obviously follows from (1.6). In the general
case we split the second sum over ; in(1.6) into two parts: the first part ranging from
J=1 1 N’ and the second part from /= N’ + t o ¥, where N ~ N' is the number
of components with equal diftusion properties; we then apply identity (1.2) for the diffu-
sion fluxes to (1.6) to obtain

N N N
i+ _ 2 m__my oo m _om . 5
?T_,,lmﬁf*g{gl[('n? }7{)7)% (m(M)' ';,‘;)mﬁi)-}r
1 i J )
+m’(';i) D(i- M)—%—E(;}—j% (‘=i. . -.,N) (2‘2)

Corollary, If the mixture under consideration consists of a group of components
with similar diffusion properties (index M) and a single additional component ¢, then
the effective diffusion coefficient for this component is

Dy =D (i, M) (2.3)

The effective diffusion coefficients for the remaining component are in this case
given by

1 i 1 1 1J
D (M) = DM, M) +(D(M. i)~ DM, M)) (zf”‘J (;t) Ed (M))
(M=1,...,N~—1) 2.4)

*) When a chemical symbol or a capital lettersuchas A or M has o be wsed as 2
subscript, it will be inclosed in parantheses, e.g. Dy, =DM, o D, = D (A)
etc,
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If the group M consists of a single component (i.e. if the mixture is binary), then
(2.4) implies directly that D (M) = D (M, 1), as expected, The above theorem is of
practical value, e,g. it can be applied to mixtures generated in a high-enthalpy air
or CO, flow in the boundary layer (at the surface) of a thermally disintegrating plas~
tic based on phenol-formaldehyde resin [#],

Even though components such as Oy, Ny, NO, CO, CN, HCN, and C, appearing during
this process do not strictly satisfy the conditions (2. 1), nevertheless the assumption of
equality of their diffusion properties does not introduce large errors into the calculation
of the effective diffusion coefficients using (2.2) instead of (1.6). This is confirmed by
the following values of the ratios of the binary diffusion coefficients for these compon-

ents at T = 2000° K (these ratios are practically independent of temperature):

D (CN, CQ) D (CN, CO) D (CN, CO)
m=t.m, mm{.mﬂ, o o= 0005 etc.

The differences of the molecular weightratios m/my—m/mM)(f =1,...
... N—N) for these components do not exceed 0,05 to 0,08, Consequently, if the
terms in square brackets in (1. 6) referring to the components with similar diffusion pro-
perties are replaced by the corresponding terms in which the subscript j is replaced by
M ., then the resulting error of estimating 2, from (2.2) instead of (1. 6) will not ex~
ceed 10%,and will in fact be much smaller [1],

Equating the diffusion properties of just the two components CO and Ny, which toge-
ther constitute the major portion of many interesting mixtures, we obtain

m (CO) == m (Ny) == 28, l";—((ig—’%?;)'a‘lio.ms (i=1,...,N)

Formula (2.2) in this case entails an error not exceeding 1%.

3. Equations of diffusion of the components are required for investigating the propes-
ties of the coefficients D;, concentation fields, and diffusion fluxes across the bounda-

3: layer. These equations in the boundary~layer approximation for a two-dimensional
ow ‘are given by

o de ]
P(u ..a%,_f_v?y‘—)_*.-gy—l‘:o (i=1'..-, N) (3'1)

where x and p are the coordinates tangent and normal to the surface of the body
respectively; @ and v denote the corresponding components of the velocity vector,

New independent coordinates are convenient in actual solution and qualitative ana-
lysis, They are given by

X v
‘ Ig \'s BP,.
e={up v @, n=v.erk ()" (o =30 @2
[ 0

where p is the viscosity coefficient, U, () the velocity of nonviscous flow at the sur-
face of the body, r (£) the radius of the cross section of the solid of revolution (k = 0
and k=1 for J;e plane-parallel and axisymmetric problems, respectively); & are the
conditions at the outer boundary; w is the condition at the wall,

We shall attempt to find the velocities # and v and the diffusion fluxes in the form

9/(E.m) Ex 2\ 3
u=U, “an —pork = W‘P €+ (T.") n N 3-3)
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Jo=U % (s poh,p,) " (267" X, (i=1,...,N)

a

3.4

Inserting u and v into the equation of continuity, we find that the latter is satisfied

identically, that the impulse equation projected on the & -axis yields a certain equa-
tion for the function f which we omit giving here, that the heat influx equation is not
required, and that equations (3. 1) of the diffusion of the components become

ax, deq 3 Bey :
— g tPE NG =% E=1...N) (3.9)

Stefan-Maxwell equations (1.4) in these variables are

N N
—1 % iS4 AgXy (=1,...N), 1=_F° 3.6
’—(.;1— Xy El xJS{J_*‘ (£ El 1j4] @ ' L)) PPy (3.6)

where

N
- m _ m. Mo =P (,j=1,... N 3.7
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=1

If we replace derivatives de; { M in (3.5) by their expressions in (3.6), then the
fluxes are given by the following system in partial derivatives:

N N
i) .
—1‘?;’7‘=¢X12’5515+¢042A4j-¥5+2&l-%% (=1,...N) (38
=1 i=1

Equations (3. 6) and (3.8) with the boundary conditions for the concentrations (*)
(B, 0) = c;,,(8). cy(e, 00) = cy;=const ({==1,...,N), the initial conditions ¢; (0, n)=
=cyo() ({ =1,.,.,N), and with the functions @(§.n) and (¢, n) given, constitute
a mixed problem for a system of 2(N—1) independent nonlinear equations. In general,
solution of this problem is a prerequisite for calcuiating the generalized Schmidt num-
bers from the formulas

N

N
S S ik 2 S , X -
Si= b= -E-E-n——zzisu’F‘iZAu?L (=1....N (39
i=1 i=1 t

T

*) The conditions ¢; (€, o<} = const hold for all blown-in components. They also hold
for the dissociation products of the oncoming stream, provided that the flow is frozen

at the outer edge of the boundary layer, They also hold with a high degree of accuracy
when the flow is in equilibrium, since in this case concentrations of the dissociation

products vary little with distance from the critical point along the body [M].
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Theorem 3.1. If the mixture contains group M of components with equal
diffusion properties (see (2.1)) whose concentrations are all equal to zero at infinity
(or at the wall), then all the generalized Schmidt numbers relative to the concentration
z(M) and all relative diffusion fluxes J(M), where

M) XM XM

oz ()= ary

are identically equal to each other for all these components over the whole thickness
of the frozen boundary layer provided that the boundary values of the concentrations
are kept constant,

Proof. If groups of components with equal diffusion properties exist, then by (2.2),
Egs. (3.6) and (3.8) and the corresponding boundary conditions for these components
can be written as

N N’
_19‘_3(“”"_)=1(M) D EHSM, Ntz M) D (AM, )— AM, M) X;  (3.10)
i=1 =1
N
—1 M) _ or vy SV 28 M, 1)+ 2 (M) x
N’ an =t
af |
X S 1AM ) — Aa, M) Xy 4 250 ok | 2R ECQU Jee 0] gy
i=1
2, (8,00 =1, z,(§ x)=0,z,(0,n) = z (M) (3.12)

Formulation of problem (3.10) - (3, 12) implies that for a frozen boundary layer and
de,, (M) / d¥ = 0 the equations for the relative concentations and fluxes and the boun-

dary conditions are identical for all components of the group M . Then from the assum-
ption of the uniqueness of the uniqueness of the solution implies directly that

_ _ _ 1 dz,
2¢=Za. la=la. Sd:Sa(Sa:—-_—T;-aT]-)' (d,B:f',,,'NM) (3]3)

Q.E.D.

Corollary. If all components not belonging to the group M form another group
A of components with equal diffusive properties and vanish (let us say) at the wall,
then all the relative concentrations z (A) = ¢ (A) / ¢, (A) and all relative diffusive
fluxes I (A) = X (A)/ ¢(A)(A =1, ..., N')for these components are identically equal

to each other for the frozen boundary lager and ¢e (A) — const; the generalized Schmidt
numbers are equal to the binary Schmidt numbers

SA)=SAM@A=1,...,N) (3.14)

The first two assertions can be proved as above: the numbers § (A) can be determin-
ed from system (3, 10) written out for the group of components A

Np
9z (A
—1 5P =1 [S(A, M)+ (S (A, A)— S (A, M) 3] “"’] +
A=1
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Na
+z(A)-"%A)-[S(A, M)—SA A S XAV A=1,...,N)), Ny=N—Ny (3.5
A=
Recalling (3.13), we can write
Na Na Na Na
S X @A) =14 e (A), z(A);’;’.:T). S XA=1(A) S =(A) @16
A=1 A=1 A=l Am=]

This together with (3. 15) implies statement (3. 14),

I 0z(A
S(A)=~—-”—A)—%(F-)-=S(A, M) (A=1,...,N,) (3.47)

Theorem 3.2. If the whole mixture can be separated into two groups of compo~
nents A and M , each group possessing equal diffusion properties within itself, then
the necessary and sufficient condition for the diffusion of such a mixture to be descri-
bable in terms of a single binary diffusion coefficient D (A, M) is that these compon-
ents diffuse into each other, and that the boundary values of the concentrations be con-

stant,
To prove this we make use of equations (3.11), which in the case of just two groups
of components can be written as

N

dc (M iy
— 1 5= x s A 0+ M0 — s, M) D =]+
Ny M=1
+c(M)—’;‘%[S(A, M)—SM, M)] D) X (M) (3.18)
M=}

From this it follows at once that if all components belonging to the group M satisfy
the boundary conditions ¢,(M) =0(M =14, ..., Ny) (boundary conditions ¢, (M) =
= 0 (M =1,.., Ny)need not be included here, since they are already satisfied by
all the components of A), then

Ny Ny Ny
m
e (M) »T:"Ff)' uz X (M) ==c (M) ooy £ () u21 ¢ (M) = ¢y (M) I (M) le z(M) (3.19)
-] x’ =

which on substitution into (3. 18) yields

)
S(M)=——,—(m—%%”—=sm. M) (3.20)

Similarly, for the components of the Group A we have

D(A)=D M)=D (A, M) (3.21)
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If even one of the components of the group M fails to satisfy the condition ¢, (M) ==
= 0 (this can hatﬂ)sen in the case of the component N, in a dissociated air sweam),

then, denoting component symbolically by N, , we obtain from (3.18)
I 3 (N
SN.=—X—(N,-,%,')=S(A. M) +
m M)
+ Ty 1S (4, M) — S (A, M) (1 o (Na) (5 (M) — ¢ (Na) Ty (3.22)

From this we see that § (N,) &= § (A, M). When C, (Ny) &= 0 we infer from (3.22)
that the condition (3, 21) is necessary for interdiffuion.

Corollary. If n(n <N —2)or N —1 or N components in such a two-group
mixture become zero neither at the wall nor at the outer edge of the boundary layer,
then in general we have, a4 2 (or N — 1 and N, respecitvely) distinct effective
diffusion coefficients. At the same time we have only three distinct binary diffusion
coefficients, namely D (A, A), D (A, M), and D (M, M). This is due to the fact that
the effective diffusion coefficients for such components depend on the values of the
ratio ¢w/ ¢je. This general case does not occur in the theory of heat wansfer and mass
ablation either in air or in planetary atmospheric streams, nor does it arise in the majo-
rit{ of combustion product streams. o )

ndeed, in determining the heat flux from a dissociating gas of arbitrary chemical
composition we find that the diffusion fluxes of the initial components of the incident
flow at the wall can be expressed, by virtue of the law of conservation of the chemical
elements, in terms of the diffusion fluxes of the dissociation products (¢], so that the
latter only require knowledge of the number S, But all these components satisfy the
boundary conditions €5, = 0, i.e. §, can be computed for them (see Sects. 4-6). If

these components are similar atoms, then (3.21) will hold for them, In determining
the rate of ablation of disintegrating plastics we find that in air the two conditions

¢w (Ng) =0 and ¢, (N;) 5= 0 can be simultaneously satisfied for Ny only, However,
since a single component can always be omitted from considerations, the need to cal-
culate S (N,) is thus obviated.

4. The authors of ['*] assumed that the corresponding Schmidt numbers §; dre

positive within the boundary layer in order to establish a general analogy between the
mass transfer coefficients both for selfsimilar and for nonselfsimilar solutions of equa-
tions of a multicomponent boundary layer in the case where only heterogeneous reac-
tions of the type

Ji Acy [ Dy x Acy Si\ * .,
(J_j')w':A—c;(ﬁ;w = hes \ St Jo * Boy=cig— ¢4 (i=1,..., N) (4.1)

occur, Here exponent x varies from e.g. 0.5 to 2 (moderate blow-in intensities)
when the temperature factors are not too small (T,/T.> 0.1) ; its value depends on

the temperature factor, the blow-in intensity,.the values of the generalized Schmidt
numbers at the wall, the pressure gradient along the surface of the solid, and the con-
centration tgra\dient:s at the edge of the boundary layer, It is remarkable, however,
that the eftective diffusion coefficients at the wall obtained below by means of (4.1),

are practically independent of % (0.5 <x << 2).

Let us first compute D;, for weak blow-in, We find that ¢ (§, 0) = 0.2 t0 0.6,
when » == {. On the other hand, when x = {, then the solution for D;,,.can be obt-
ained very simply and without any restrictions due to the diffusive properties of the
components in the mixture, Inserting (4.1) with % = { into (1,6), we obtain the
following linear algebraic system of equations defining 5, -1 . p ot
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=z

| (4.2)
=1 Siv e ’
where
N N A
¢ ¢
oy = D) (zicj — zy0q +2j) Sy ayj = [ D) ®jex — 2acy) Spj— x;Su] A—c: "c';*
P k=1
It should be kept in mind that the coefficients a;;(f,j =1, ..., N) should be com-
puted under the conditions at the wall., The solution of (4.2) is
N
i pD‘ 1
Siw =(T)w= W 2 A“. (i = 1. ey N) (4.3)
i=1

where A,* is the algebraic complement of the element a;, of the determinant

Det J ay; J. From (4. 3) it follows that if Ae; — 0 for some component, then the cor-
responding §,,, may become 4 oo. We have, however, excluded this case (see Sect, 3).
It follows therefore that the expressions for a;; are finite for the remaining components,
and additional considerations indicate that all §;,, will also be finite (see below), If
the given mixture contains a group of components with similar (equal) diffusion proper-
ties (see Sect, 2), then, for these components §;, can be written at once (using (2.2)
and (4.1) with % =1 ) as

N’ N

S =[1+ 3 At w— 406 Dy (3 ms)” @)
j=1 j=1

where Sy, (¢ =1, ..., N’) for the remaining components must be obtained from the
following system of lower order N’ = N— N,

N

N

1 . Aci ¢

'ﬁ(z z,-s,,)w + D) (i — A G, M))A—c"—c’,L=1 (=1,...,N) (45
i=1 =1

In particular, if all these components satisfy the boundary conditions ¢, = 0 (i =
= §,... N'), then (4.5) immediately yields

Ny

Sw= D) z(M)S(i, M) i=1...N) (4-6)
M=1

Inserting (4. 6) into (4.4) we obtain the remaining generalized Schmidt numbers
SM M=1,..., Ny.

In conclusion we note that the following assertion can be proved readily: if the mix-
ture can be divided into several groups of components with equal diffusive properties
within each group and if the components of each group satisfy similar boundary condit-

ions, i.e. if e, (M)/ Ae (M) = 0 or —1, then the effective diffusion coefficients at
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the wall are equal within each group. Using the results of Sect. 3, we can extend this
theorem to the whole of the boundary-layer region (*)

O<E<® 0y o)

5. When »x lies in the range (0.5 < x < 2), the coefficients Dy, in the generalized

analogy (4.1) should be obtained from the transcendental equations, whose solution is,
in the general case, awkward. Nevertheless, in the case of mixtures appearing in the
boundary layer of a thermoplastic burning in an air or CQ, stream, a group of compo~

nents with similar diffusive properties exists, e.g. Ny, CO, HCN, CyH,, which, together
with O, N and C atoms, consitutes the main bulk of the gas in the boundary layer {*].
Numerous other components such as H, Mg, Si, H,, H,0, Si0, §i0s, Mg0, CO,, SiC,

8iC,, 81,C, SiN, CH, CH,, CH,, CH,, as well as other hydrocarbons and radicals, cone

stitute a minor part of the mixture (less than 20 to 25%). This remarkable property of
such mixtres enables us to obtain an approximate (analytic) expression for the genera-
lized Schmidt numbers at the wall for arbitrary » and an arbitrary number of compon-
ents in the mixture.

Let us therefore consider mixtures satisfying the following conditions:

1. A group of components (index M) with similar (equal) diffusion properties exists,
and constitutes the main bulk of the gas at the wall, All the componenw of this group,
with the possible exception of one, satisfy the boundary conditions

cp(Es 00) = e(M) = 0 M=1,...,Ny (5.1)

2. Let us also assume, for the sake of completeness, that there is a second group of
components (index A) with similar (equal) diffusion properties whose components (e.g.
0, N) satisfy the boundary conditions

ey (8, 0) = ey (A) = 0 A=1,...,N) (5.2)

3. The remaining components, which are present in small amounts, satisfy the boun-
dary conditions

(o) =¢e=0  (IFAM (5.3)

Then, taking into account (4.1) and the conditions (5.1) « (5.3), we find from (2,2)
that at the wall (the subscript w is omitted)

N

L — 5 1 + &)
b =FN ‘,;21 BT D& W) 64
1 Dj\x . D (A)\»
= 19,4.”“\2M ‘ Byse; (—5%) —B (i, A) ¢, (A) (—D—((M—)’) (i +A) (5.5)

*) Non-selfsimilar flows require an additional condition, i.e, that the concentmation
gradients at the borders of the boundary layer be equal. All combustion products satis-
fy this condition,
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where .
m m 1
B= D (e wlw o) =y o O+
(A (D(AM) () — be.M
hﬁ%ll ( D(Ak) )zk' ) k#?M. i ( DG k) )xk

. D@, M) \m(M) [ D({, M) D, M
bij=1— D{i, M) + mj (D(i, M) D(f.ﬁ)

_ m(M)_m(M) D, M) m(M)\ D (i, M)
8"”‘#%,4[( m; T my )D(k.n _(‘“ iy )D(k‘. M)

o A
m (M) D (i, M) D, M)
_( mj )D(M,i)JC*ED(,i, M)y e ct(A)= D) ¢ (A)
A=1

(5.6)

From (5. 4) it follows that the effective coefficients at the wall for the components

belonging to Group A can be obtained explicitly and independently of the remaining
coefficients. Similarly, if the concentrations of any of the components belonging to

the Group M (e.g. O, or NO) are equal to zero at the wall, then (2.2) immediately
yields the following expression for these components:

D (NO) = D (0,) = D (M, M) (1 + M)

These components need not satisfy boundary conditions (5.1). For mixtures appearing
in the boundary layer at the surface of the thermoplastics disintegrating in air or CO, ,

we have glA)), e eV |, ;1< 1 and, a5 arule, |g;] & 0.05— 0.10 | by [. Thus
the solution of the following system (the subscript w is omitted):
(5.7)

)” ¢t (A) (iA)

(o i 1 2 (DAM
D DG, M) “(D(i, M)+ DA, M))‘“‘ ) ( Dy

can serve as the zeroth approximation of the coefficients Dy, for the mixwres consi-
dered, since in the zeroth approximation we have

m

With x = {1 the solution of (5,7) is

DA M DA M .
Dy = D, M)[1 +(1 + D((i, M)) —2 D((i. A)) co* (A)} (i A) (.8

The solution of (5.7) with » == 1 was obtained for certain components by numerical

methods; the results appear in Table 1 (values in parentheses). The table shows that the
effective diffusion coefficients are weakly dependent on x for all components except

H,, i.e. that the p,,, depend chiefly on the diffusion properties of the components
when the concentration ¢,* (A) of the Group A of components at the outer edge of the
boundary layer is given.
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Table 1
D (M, M) D (8i0x, M) D (Hy. M)
D(0) (M) D(9) (8i0,) D(%) (H,)
et (A ] 0 05 | { 0.5 ] 1 05 | 1
x=0.6 1 0.843 0.712 0.909 0.814 0.548 0.215
1) (0.838) | (0.712) | (0.908) | (0.815) | (0.597) | (0.38%)
=1 i 0.829 0.712 0.881 0.789 0.729 0.573
) 0.829) | (0.712) | (0.881) | (0.789) | (0.729) | (0.573)
x=1.5 ] 0.819 0.712 0.83% 0.719 0.854 0.799
1) 0.819) | (0.712) | (0.845) | (0.743) | (0.826) | (0.718)
=2 1 0.803 0.7112 0.769 0.628 0.924 0.906
(1) (0.807) | (0.712) | (0.805) | (0.703) | (0.886) | (0.770)

Consequently, a satisfactory solution of (5.7) can be obtained for any % in the range
(0.5=%<2) if the solution of (5.8) is substituted into the right side of (5.7). This
yields the following approximate solution:

D (i, M) D(i, M)\ /D (A, M) \x
D, M) <‘+D(A. M D A)><1)(i, M)) e’ (A) (A 59
D =1 DA M) _D(A M x| -
‘ [”“(“f DL M “2UGA )ce""’]

A comparison of approximate solution (5. 9) with the exact one (values in parenthe-
ses) is given in Table 1. We see that the basic effective diffusion coefficients D, (M)
are obtainable from (5.9) with an error smaller than 0, 5%, while D (H,) is obtainable
from (5.9) with the same accuracy only for » = 1. For this reason, the values of D (H,)
should be taken from the Table if x differs markedly from unity, Let us now insert the
zeroth approximation (5. 9) into the terms under this summation sign in (5. 5) (this sum
contains the small factors By, ). Neglecting the squares of small order terms e (M,

1) e, &5¢5 (f F A, M) we obtain

{ ’ D (A) \x
DEM) g o 43— s 6 A 4o G AN (T ) ot ) G A) 6.0
f {
h ’ m D; \x
where M= 3 =5 0 by <D_‘(‘:)> ¢

irA, M, 1

The solution of this system for % 3=1 can be obtained as before
D .. M , . . D(A o 2\ %
BEM ey S 6, A ke 6 AN (o) (e ) x

D(A -x
x [t + sogigy B . &) + ¢ G A) iy eo® (A)] 6.11)
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when x =t 1, the solution given by (5. 11) entails an error of less then 5% for all
components except for the low~molecular-weight H,. When x differs appreciably from

unity, the effective diffusion coefficient for H, should be obtained using the following
transcendental equation:

N
DHM) . ny _m__ D \x
Dy ~'He +J¢A.2M.i m iy ° 1)( D) (H,) ) o4
l D{A)\x
— ey B (HaA) 4o o, M) (i) et A) 542

Analysing the solution of (5. 11) we find that the presence of any component not bel-
onging to Group M will not affect significantly the effective diffusion coefficients if
and only if either the diffusion properties of this component are similar to the diffusion
properties of Group M (e.g. D (i, M) /D (i, Si0), D (4, M}/ D (3, CO,) = 1.2}, or
the concentation of this component is low (e.g. ¢ (H,) < 0.01 + 0.02).

We find that these conditions are almost always fulfilled in the case of a high~temp-
eratwre boundary layer at the surface of a disintegrating plastic. An appreciable influ-
ence on the value of Dy, 1s exerted by the diffusive counterflow of atoms towards the
wall, This dependence is expressed in (5. 11) in terms of the degree of dissociation of
the outer flow ¢, * (A) = ¢, (0) + ¢, (N). It follows that to within an error of -+ 5%
(provided that ¢y (M) + e (M) + .. . 2y (MNM) = 0.7) we can obtain the effective
diffusion coefficients at the wall using the formulas (5.9) where we take N, as our M

We note that the error present in (5. 9) depends on the accuracy with which the binary
diffusion coefficients (gas kinetic potential parameters of molecular interaction) are
known,

6. Let us turn our attention to the behavior of the generalized Schmidt numbers
(effective diffusion coefficients) at the outer edge of the boundary layer. As 7 — oo

the last term in (3.8) tens to zero faster than the penultimate term (see below), There-
fore the behavior of the solution for large n (i.e. p(E, ) —a(§) Hn~njasn — o0)
should be studied with the help of the following system of equations

N N
3X{ 3X{ aq .
—1 - =X .2 23845 + 9¢ 2 AX; Gt —@gp-=0 (i=1,...N)  (64)
=1 =1
For large ¥ the asymptotic solution of (6.1) is
Xy=1¢,  =cio+ -%—1; M i=1,.. ., N) 6.2)

dn® = ‘Pf', n*— as 9 - 00) (63)

where y; is an unknown constant and the parameter A > 0. The latter follows from
the physical condition, since all the fluxes X; should tend to zero as n — oo, or from
a more detailed investigation of the characteristic equation for A obtained by substitu-
ting the solution (6.2) into the first system of (8. 1),

!-gor all components vanishing at in¥inity, e.g. for all combustion products in an air
stream, ¢;¢ = 0. Then, by (6.2) we obtain from (3. 9) the following expression for the
generalized Schmidt numbers:
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N

\
Siu=A=M= (2 38y )oo (¢56=10) (6.4)
j=1

Let us denote the smallest of the generalized Schmidt numbers given by (6.4), by
S(Hs). As a rule, this will be the Schmidt number associated with the components
of smallest molecular weight. By (6.4), provided that only atoms and molecules are
present at the outer edge, it is equal to

_ 1 —c,*(A) (S (Hs, M)
Seo (Ha) =8, (A, Hy) [1 T (A ( S(HA) — 1)oo] ¢

Then the atomic and molecular fluxes, together with the X (H,) flux, will be the
only remaining ones for the components vanishing at infinity in the system (6. 1) as
N — oo, In order to simplify the argument to follow , we limit ourselves to the prac-
tically important case where a Group 4 of atoms exists at infinity, their concentat-
ion at the wall being zero, and where there are @, and N, molecules which have
equal diffusion properties and whose concentrations at the wall can assume arbitrary

values (the case of an arbitrary composition with 1 - oo, is discussed below). Then
the system (6. 1) becomes

90X, ) .
= = Xulze® (A) S (i A) 4 (1 —2,° (A) S (i, M)] +
+ee D) (Ag— A, Hy)) X; (6.6)
§=A, Oy, N,
Ny
Z*(A)= D) z,(A) (i=A, Oy, Ny) 6.7)
A=al

as N®* — oo .

If the solution of (6. 6) is sought in the form (6.2), then the parameter A is given
by a third-degree characteristic equation (the derivation is omitted) whose roots are

1 —c,* (A) /S (M, Hy)
b= (B0 (14 T2 R (SR — 1) 2= S 830

Forar (s 1)L

1
M=S_,(A M) [i.+ i (6.8)
It is easily seen that A; <Ay < A4, 5O that only the term contining the smallest A
will remain in the general solution for the fluxes as n®* — oo , Then, by (6.4), the
Schmidt numbers at infinity for all component. not vanishing at infinity, i.e. for
S (A), S§(0,), § (Ny), are equal to  a,, i.e. to the effective Schmidt number of the

lightest component diffusing from the wall and vanishing at the exterior border of the
boundary layer (see formula 6. 5)).
Genetralizing this result, we obtain the following theorem.

Theorem 6.1. If N, component exist at the outer edge of the boundary layer
and there is a light component (e.g. H,) at the wall, such that its binary diffusion
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coefficients exceed all the remaining coefficients in value, i.e, D (H,, §) > Dy

(4.7 =1,..., N) and if this light component vanishes at infinity, then all genera-
lized Schmidt numbers (coefficients D;} for these components are equal and given by
(6.4)as =00,

Corollary, If the lightest component is among the components not vanishing at
infinity, then the effective diffusion coefficients for these components at infinity are
equal to the smallest root of a characteristic equation which can be obtained from (6. 1)
if its solution is sought in the form of (6.2).

Comparing (5.8) or (5.9) with (6.4), we find that the generalized Schmidt numbers
at the wall and at infinity are almost equal, except in the case of § (H,). Additional
numerical solutions given in [!!] show that §;/ § (i, A) have practically no extremum
within the boundary layer, i.e, that the generalized Schmidt numbers vary as the bina-
ry Schmidt numbers for the given boundary values of the concentrations. In the case of
atoms, the Schmidt numbers vary from S, = 8 (A, M) to the values given by (6. 5).

Finally, using the properties of the system (6.1) and (6.2) we can easily prove the
statement that if the concentration of any component is zero at the wall or at the outer
edge of the boundary layer, then the corresponding generalized Schmidt number is po-
sitive within the boundary layer, provided that the blow~-in intensity is sufficiently small,

We conclude that for real mixtures appearing in the process of combustion of thermo-
plastics in a dissociated air stream it is sufficient to introduce the following five dist-
inct effective diffusion coefficients: D (M}M = CO, CN, HCN, C,, Cy), D (Q,) =
= D (NO), D (Si0) = D (CO,), D (H,), in the frozen boundary layer. Expressions
for these coefficients can be obtained from the general formulas given above.

The author thanks O, N, Suslov for his useful criticism of the present paper,
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